GLOBAL WELL-POSEDNESS FOR THE COMPRESSIBLE 
NAVIER-STOKES EQUATIONS WITH THE HIGHLY 
OSCILLATING INITIAL VELOCITY 



QIONGLEI CHEN, CHANGXING MIAO, AND ZHIFEI ZHANG 

Abstract. Cannone [3| proved the global well-posedness of the incompressible 
Navier-Stokes equations for a class of highly oscillating data. In this paper, we 
prove the global well-posedness for the compressible Navier-Stokes equations in the 
critical functional framework with the initial data close to a stable equilibrium. Es- 
pecially, this result allows us to construct global solutions for the highly oscillating 
initial velocity. The proof relies on a new estimate for the hyperbolic/parabolic 
system with convection terms. 



1. Introduction 

We consider the compressible Navier-Stokes equations in R + x M n (n = 2, 3) 
d t p + div(pu) = 0, 

d t (pu) + div(pii <g> it) - pAu - (A + //)Vdhm + VP(p) = 0, (1.1) 
(p,u)\ t =o = (po,u ). 

Here p(t, x) and u(t, x) denote the density and velocity of the fluid respectively. The 
pressure P is a suitably smooth function of p, and the Lame coefficients p and A 
satisfy 

p>0 and X + 2p>0, (1.2) 

which ensures that the operator pA + (A + n)Vdiv is elliptic. 

The local existence and uniqueness of smooth solutions for the system (jl.ip were 
proved by Nash [24\ for smooth initial data without vacuum. Later on, Matsumura 
and Nishida[23] proved the global well-posedness for smooth data close to equilibrium. 
Recently, Lions [22] proved the global existence of weak solutions for large initial data. 
However, the question of uniqueness of weak solutions remains open, even in the two 
dimensional case. 

A natural way of dealing with the problem of uniqueness is to find a functional 
setting as large as possible in which existence and uniqueness hold. For the incom- 
pressible Navier-Stokes equations 

dtu — vAu + u ■ Vit + Vp = 0, 

divu = 0, (1.3) 
u(x,0) = n , 

such an approach was initiated by Fujita and KatofTT]. They proved the global 
existence and uniqueness of strong solution for small initial data in the homogeneous 
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Sobolev space H~~ . Let's point out that the space is a critical space. We 

give the precise meaning of critical spaces. It is well-known that if (u,p) is a solution 
of flT3]), then 

(u x (t,x),p x (t,x)) M(\ u (\\Xx),X 2 p(X 2 t,Xx)) (1.4) 

is also a solution of (jl.3p . A functional space is called critical if the corresponding 
norm is invariant under the scaling of 111. 4ft . For the compressible Navier-Stokes 
equations, one can check that if (p, u) is a solution of (11. ip . then 

(px(t,x),u\(t,x)) = (p(X 2 t,Xx),Xu(X 2 t,Xx)), 

is also a solution of (jl.ip provided the pressure law has been changed into X 2 P. This 
motivates the following definition. 

Definition 1.1. A functional space is called critical if the associated norm is invariant 
under the transformation (p, u) — > (p\,u\)(up to a constant independent of A). 

Consequently, a natural candidate is the homogenous Sobolev space iff x(ijf- 1 )". 

* n 

However, H 2 is not included in L°° such that we cannot expect to obtain a L°° control 
of the density when po — p G H2. Instead, one can choose the initial data (po,ito) 
such that for some p, 

(p -P,«0) G #1,1 X ( B 2 2 ,l ) > 

since -B 2 2 i * s continuously embedded in L°°. In a seminal paper, DanchinpT] proved 
the global well-posedness of (ll.ip in the critical Besov space for small initial data uq 
and po close to p. More precisely, 

Theorem 1.2. Let p > be such that P'(p) > 0. There exist two positive constants 
c and M such that for all (po,u ) with p — p S i3"2 _1 '2", iio G B21 1 anc ^ 

||po -p||g»_i,» + IML9-1 < c 

then the system (|l.ip has a global unique solution (p — p, n) such that 

\\(p -p,u)\\ 9 < M(||p -p|Lf-i,f + IMLf-i), 

^2,1 

where 

F s = L 1 (M+;S s+1 ' s )nC(IR + ;S s - 1 ' s ) x (i 1 ^;^ 1 ) na(I + ;B^ 1 )) n . 
Here and what follows, we refer to Section 2.2 for the definition of Besov spaces. 

On the other hand, Fujita-Kato result was generalized to the critical Lebesgue 
space L n by Weissler [26] (see also [21J), and to a class of function spaces such as 
B^.oo by Cannone, Meyer and Planchon [4] which allows to construct self-similar 
solutions. Recently, Cannone [3] generalized it to Besov spaces of negative index of 
regularity. More precisely, he showed that if the initial data satisfies 

IKH .-i+f < c, p > n 

for some small constant c, then the Navier-Stokes equations (jl.3p is globally well- 
posed. Let us emphasize that this result allows us to construct global solutions for 
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highly oscillating initial data which may have a large norm in H 2 1 or L n . A typical 
example in three dimensions is 

Uo(x) = sm(^-)(-d24>(x),d 1 4>(x),0) 

where (f> € <S(M 3 ) and e > is small enough. We refer to [HJ [THl [25] for some 
relevant results. An important question is then to prove a theorem of this type for 
the compressible Navier-Stokes equations. 

To solve this problem, the key point is to generalize the well-posed result in 
Theorem 11.21 to the critical functional spaces with negative index of regularity(the 
corresponding norm of the highly oscillating function is small). A typical space is 

n 77. ^ 

Bpi x (-Bp! ) for some p > n. Let's recall the proof of Theorem 11.21 where the 
energy method is applied to obtain the smoothing effect and damping effect of the 
system. This method works well for the well-posed problem in the L? framework. 
However, it doesn't work for the well-posed problem in the LP framework for p ^ 2, 
especially in the case when the coupling effect of the system is important for the 
problem. In this paper, we will develop a new method based on Green's matrix of 
the linearized system to study the well-posed problem in general Besov spaces. 

In order to present our method, let us look at the linearized system of (jl.lj> with 
the convection terms: 

d t a + Ad = —v ■ Va + F, 

d t d - 9 Ad - Aa = -v -Vd + G, (1.5) 
(a,d)\ t =o = (ao, <h), 

where A = (—A) I. Let Q[x,t) be the Green matrix of the linear system 

f d t a + Ad = 0, 

\ d t d - 9 Ad -Aa = 0. 

Then the solution (a, d) of (jl.5p can be expressed as 

(d)-^ t) '(*) + jC c ^ t - T) *(oI"w) ,lr - (L6) 

To obtain the estimates of (a, d) in the Besov spaces, it is natural to study the action 
of Green's matrix Q{x,t) on distributions whose Fourier transform is supported in a 
ring. As we know, the semi-group of the heat equation shows for any couple (t, A) of 
positive real numbers, 

supp/ C AC =>- \\e tA f\\ LP < Ce- ctx2 \\f\\ LP , l< P <oo, 

where C is a ring, which plays an important role in a new proof given by Chemin[7J 
on the Cannone, Meyer and Planchon result. To obtain similar properties for Q(x,t), 
we need to investigate the precise behaviour of t). Roughly speaking, for |£| < 1, 
G(£,t) behaves like the heat kernel: 

\B%G{Z,t)\<Ce^M\l + \Z\)W(l + t)W, 
which allows us to obtain 

||e*/|| L2 <Ce- ctA2 |m| i2 , (1.7) 
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if supp/ C AC for A < 1. For |£| 3> 1, G(£,t) has the following precise expansion: 
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where Q l and Q 2 satisfy the estimates 

\d^\ <C|Cr |ahl (e 

which allow us to obtain, for any 1 < p < oo, 

IIS 1 * /||lp < C\- l e- ct \\f\\ LP , \\G 2 * /||xp < C\- 2 e~ ct 
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if supp/ C AC for A > 1. Since Q has different behaviour for low frequency and 
high frequency, it is natural to work with the hybrid-Besov spaces (see Definition 
2.6p , Indeed, from (|1.6|) . (|1.7|) and we can obtain the following estimate in the 

hybrid-Besov spaces: for any 1 < r < oo, 
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where s r 



def 



s — - + S. Let us point out that if we take s = — for p > n, the 
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regularity index s — 1 for the high frequency part of do is negative, which is enough 
to ensure that the norm of do in the hybrid-Besov space ,s 1 is small if do is 

highly oscillating, see Proposition 12,91 

Unfortunately, the inequality (jl.9p cannot be applied directly. In fact, if the con- 
vection term v ■ Va is viewed as a perturbation term, one derivative loss about the 
function a will appear no matter how smooth is v. To overcome this difficulty, we 
will work in the Lagrangian coordinate such that the convection terms in (jl,5p will 
disappear modulus some commutators. Here the idea is partially motivated by the 
recent work |18l [TU] for the incompressible flows. 

We denote 
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s — - + ^. Our main result is stated as follows. 



Theorem 1.3. Let p be a positive constant such that P'(p) > 0. There exist two 
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the following results hold 

(1) Existence, if 2 < p < 2n, and p < min(4, ^2), the system (jl.ip has a global 

solution (p — p,u) € £ p with 

\\(p-P,u)\\ f < M(\\po-p\\ .9-1,5 + ||«o|| .3-1,5-1). 

(2) Uniqueness, if 2 < p < n, then the uniqueness holds in £ p . 

Remark 1.4. Compared with Theorem 11.21 an important improvement of Theorem 
11.31 is that it allows the regularity index for the high frequency part of uq to be 
negative. Especially, this allows us to obtain the global well-posedness of (jl.ip for 
the highly oscillating initial velocity uq. For example, 

uo(x) = sin(y)0(x), if>(x) S S(R n ), 

which satisfies 

||un|| fi_i a_i <C 1 for p>n 
if e is small enough, see Proposition 12.91 

Remark 1.5. In fact, Theorem 11.31 also holds for general dimension. But we need 
to restrict the dimension n = 2,3 in order to obtain global solutions for the highly 
oscillating initial velocity. 

Remark 1.6. We believe that our method can be adapted to the other hyperbolic- 
parabolic models. This is the object of our future work. 

The structure of this paper is as follows. 

In Section 2, we recall some basic facts about Littlewood-Paley theory and the 
functional spaces. In Section 3, we recall some results concerning the classical para- 
bolic regularizing effect. Section 4 is devoted to the study of Green's matrix of the 
linearized system. In Section 5, we establish the key estimates for the the linearized 
system with convection terms. Section 6 is devoted to the proof of Theorem 11.31 
Finally, an appendix is devoted to some estimates in the hybrid-Besov spaces. 



2. LlTTLEWOOD-PALEY THEORY AND THE FUNCTION SPACES 

2.1. Littlewood-Paley theory. First of all, we introduce the Littlewood-Paley de- 
composition. Choose two radial functions ip, x £ <S(M n ) supported in C = {£ € 
K n , § < |£| < §}, B = {£e R n , |£| < §} respectively such that 

(p{2' j = 1 for all f ^ 0. 

The frequency localization operators Aj and Sj are defined by 

Ajf = <p(2-*D)f, Sjf = A kf = X$- j D)f, for j E Z. 

k<j-i 

With our choice of <p, it is easy to verify that 

AjAfc/ = if \j - k\ > 2 and 
A j (S k - 1 fA k f) = if |i-A;|>5. 



(2.1) 
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In the sequel, we will constantly use the Bony's decomposition from 

fg = T f g + T g f + R(f,g), (2.2) 

with 

Tfg^^Sj-if^jg, R(f,g) = J2^jf^J9, &j9 = E ^'9- 

j& j& |i'-i|<i 

Next, let us introduce some useful lemmas which will be repeatedly used throughout 
this paper. 

Lemma 2.1. [6] Let 1 < p < q < +oo. Then for any 7 G (N U {0}) n , there exists a 
constant C independent of /, j such that 

su PP ; c m < A V} =► \\dy\\ L9 < C2 j M +j <-^\\f\\ LP , 

supp/ C {A X V < |£| < A 2 V} => \\f\\ LP < C2-*W sup 

\P\=\i\ 

Let a vector field v(t,x) E L loc (R; Lip(M n )). We define ip and ipj as follows 

^tp(t, x) = v(t, ip(t, x)), -0(0, x) = x, 
^ipj(t,x) = Sj-iv(t,ipj(t,x)), ipj(0,x)=x, j G Z. 

In what follows, we denote = J * ||Vv(7")||£oa<#r. Now we are position to state 
the following lemmas. 

Lemma 2.2. Let 1 < p < 00. Then there hold 

11/ o^,x)|| LP <e y W||/|| LP , ||/o^(t,x)||x» < [l/IUoc. 
Proof. Lemma 12.21 can be deduced from the fact 

<%det(Vi/>) = divudet(VV'), 
and a change of variables. □ 
Lemma 2.3. Let 1 < p < 00. Then for any j, k G Z, there hold 
HA^Afc/o^)!!^ < C2-(^ fc )e cv/ W||A fc /|| LP , 
H^CAfc/ o < Ce cy (*) (y(t) + V- k ) \\A k f\\ LP . 

Here C is a constant independent oi j,k. 

Proof. Let {a^}" =1 be a smooth unity decomposition of S n_1 such that ^ ^ on 
supp here £' = (^, ■ •• ,£' n ) G S n_1 . Then we write 

consequently, 

n n 

Ajf = 2-3 £ de(2 jn 0i(2 j ■) * /) = 2"^ £ d t (A je f), j G Z, (2.3) 
t=\ 1=1 



GLOBAL WELL-POSEDNESS OF THE COMPRESSIBLE NAVIER-STOKES EQUATIONS 7 

from which, we get by integration by parts that 

n „ 

A J (A fc /o^)=V2' l « / e e (2J(x-y))d e ((A k f)(My)))dy- 
1=1 

Thus by Young's inequality Lemma 12.21 and Lemma 12. 11 we have 

||A,(A fc / o fa)\\ LP < C2- J ||(VA fc /)(^)||Lp||VV fc ||L- 
<C2-3e v V\\VA k f\\ LP \\V^ k \\ L ™ 
< C2 k ^e v ^\\A k f\\ LP \\Vfa\\ L o C . (2.4) 
On the other hand, thanks to (12.31). we have 



Sj(A k f o ip k ) = 2~ k S 3 (di(A k£ f) o fa). 
e=i 

Set g(x) == (J-~ 1 x){ x )- Making a change of variables: y *—> ^ 1 (y), and then inte- 
grating by parts yields 

n . 

S j (A k fofa)=2 n i- k Y] / g(2^x-y))(d e (A kl f)(fa(y))dy 



n . 

=2 nJ " fc E / {2 J '^ 1 (^)(2 i (x-^ 1 (y)))det(V^- 1 ) 
+ g{2?{x - il>k\v)))dl det{V^)]A M f{y)d y . 



Thus, we get by Young's inequality that 

\\Sj(A k foi; k )\\ LP ^C^HV^H^IIAfc/llLP 

+ C2- k \\V 2 ^ 1 \\ L o a \\V*P k 1 \\ n L - 1 \\A k f\\ LP . (2.5) 
Now, Lemma 12.31 follows from Proposition 3.1 in |16j . (|2.4p and (|2.5p . □ 
Lemma 2.4. [5] Let 1 < p < oo. Then for any j G Z, there hold 

||A(A,/ o - (AAjf) o < ^e^Wy^HA./llLp, 

HACAj/o^.) - (AAjf) o ipj\\up < C2ie cv WV(t) l *\\Ajf\\ LP . 
Here C is a constant independent of j, k. 

2.2. The hybrid-Besov space. We denote the space Z'iW 1 ) by the dual space of 
Z(M. n ) = {/ G S(R n ); £> Q /(0) =0;VaG (N U 0)™ multi-index}. Let us first recall the 
definition of general Besov space. 

Definition 2.5. Let s G R, 1 < p, q < +oo. The homogeneous Besov space -Bp j(? is 
defined by 

B s p , q = {fGZ'(R n ): \\f\\ B}q <+oo}, 

where 

Bs ^ 2 fcs ||A fc /(t)|| iP 
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Now we introduce the hybrid-Besov space we will work with in this paper. Let 
i?o > be as in Proposition 14.41 

Definition 2.6. Let s, a € R, 1 < p < +oo. The hybrid-Besov space B^'p is defined 
by 

K = {/ e Z'(R n ) : H/IU. < +oo}, 

where 

H/H«;= E 2 fcs ||A fe /|| L2 + £ 2 fc 1A fc /|| iP . 

We also denote B s ' a by 

The norm of the space L^Z^'p) is defined by 

Wfkr T (B%) = E 2 fc 1|A fc /|| L , i2 + £ 2^||A fc /|| L , LP . 

It is easy to check that L^^'p) = -^rC^'p) an< ^ ^rO^'p) — ^rO^'p) f° r r > 1- 

The following lemma is a direct consequence of the definition of Besov space and 
Lemma 12.11 

Lemma 2.7. The following properties hold: 

(a) B*£ ff C£%; ff ifsi> S2 and ^C^ 1 if <n < a 2 ; 

(b) interpolation: for sx, s 2 , G R and 6* £ [0, 1], we have 

|l/|L»'»l+(l-e)82.»<'l+(l-8)o-2 — ll/ll^ s i,^i ||/||L 2 ,a 2 ; 
°2,p U 2,p «2,p 

(c) embedding: ||/|| X oc < C||/|| «, ? ; 

^2.p 

s s— — + — s— — + — 

(d) inclusion relation: B s 2l C B 2 ' p 2 p <^B pl 2 p for p > 2. 

Lemma 2.8. [H] Let 1 < p < oo. Then there hold 

(a) if 8x,S2 < ^ and s\ + s 2 > nmax(0, | — 1), then 

\\fg\\ sl+S2 - f < Cll/ll^x [| 5 ||^ a . 

(b) if si < ^,s 2 < p and si + s 2 > nmax(0, | — 1), then 

\\fg\\ Sl+ s 2 - f ^CWfW^JgW^. 

Proposition 2.9. Let <j> € <S(IR n ),p > n. If = e 2 ~^(x), then for any e > 0, 

i n 

II^ILt-i.f-i ^ Ce p ' 

2,p 

here C is a constant independent of e. 

Proof. Fix jo € N to be chosen later. By Lemma l2.lt we have 

2 ( p~ 1)i ||A ; ^ £ || i> < C2 ( ?~ 1)i0 . 

i>io 



GLOBAL WELL-POSEDNESS OF THE COMPRESSIBLE NAVIER-STOKES EQUATIONS 9 

' X l AT ' X l 

Noting that e % ^~ = (— ied\) e l ~ for any € N, we get by integration by parts that 

A^ e (x) = (ie) N V n I ^d^{h^{x-y))4>{y))dy, h{x) = (^^(x), 

from which and Young's inequality, we infer that 

IIAj&Hw < Ce N max(2 N ^2 {1 -^ nj ), 1 < q < oo, 
which implies that by choosing N > y 

£ 2^\\A^ £ \\ LP <Ce N 2^- 1+ ^, 

o<i<io 

j<lni? 

Taking jo such that 2- 70 ~ e _1 gives 

i n 

2,p 

This completes the proof of Proposition 12.91 □ 

3. Regularizing effect of the heat equation 

Let us recall the classical parabolic regularizing effect. 

Lemma 3.1. [7j Let <f> be a smooth function supported in the annulus {£ £ M n : 
-^l < |£| < ^2}- Then there exist two positive constants c and C such that for any 
1 < p < 00 and A > 0, we have 

||0(A- 1 J D)e^ A /|| LP < Ce- ctx2 U{\- l D)f\\ LP . 

Proposition 3.2. Let s,<rGl, andp, r G [1, 00]. Assume that uq € B^'p, f G L^B^. 
Then the heat equation 

— i/Ati = /, 

«[t=0 = 1*0) 

has a unique solution u satisfying 



NU . s+ 2 ct+ 2 < C(||M ||g S ,a + ||/ || r 1 

Proof. The solution it can be written as 

u{t) = e^uo + I e' /{t - s)A f(s)ds, 
Jo 

from which and Lemma |3. 11 it follows that for any 1 < q < 00, 

\\A jU {t)\\ Lq < Ce-^WAjUoU, + C f e'^'^ \\^jf{s)\\ Lq ds. 

Jo 

Taking L r norm with respect to t gives 

\\A jU (t)\\ L r TLq < C2'^\\A jUo \\ Lq +C2-rJ||A i /(a)||^ iM . 

Using q = 2 for 2 3 < Rq and q = p for 2 3 > i?o, then Lemma follows from the 
definition of the hybrid-Besov space. □ 
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To prove the uniqueness of the solution, we need the following two propositions. 

Proposition 3.3. [T2] Let p, q, r £ [1, oo],s £ R. Assume that no £ B*" 1 , / £ 
L^(.B|~ ). Let u be a solution of the following equation 

dtu — pAu + (A + p)Vdivu = /, u(0, x) = no(^), 

where p > 0, A + p > 0. Then for i £ [0, T], there holds 

i|u|| l I( b- 1+2/9 ) - ^dl^Hsir. 1 + ^^kt(B^))- 

Proposition 3.4. [T4] Let s £ (— nmin(|, p), 1 + ^), and 1 < p, q < +oo. Let v be 

a vector field such that Vv £ L\B^ V Assume that fo £ q , g £ Lj,(Bp ) and / is 
a solution of the transport equation 

d t f + v-Vf = g, f(0,x) = f . 

Then for t £ [0,T], there holds 



C/oI|V«(t)|| g dr 



ll/ol 



P,8 



JO 



4. Green's matrix of the linearized system 

We study the linearized system of the compressible Navier-Stokes system 

d t a + Ad = 0, 
d t d - vAd - Aa = 0, 
(a,d)| i=0 = (a ,d ). 

We firstly give the explicit expression of Green's matrix for the system. 



(4.1) 



Lemma 4.1. Let Q be the Green matrix of the system (|4.ip . Then we have the 
following explicit expression for Q: 



G{a,t) 



A+-A- 



e A + t_ e A_t 

A+-A_ 

A + e A +*-A-e 
A + -A_ 



(4.2) 



where 



Proof. We follow the proof of Lemma 3.1 in [20]. Firstly, applying the operator A 
to the second equation of (|4.ip gives 

(Ad) t + Aa = i>A(Ad). 

Combining it with the first equation of (|4.ip . we get 

att = -{Ad) t = Aa + uAa t . 

Taking Fourier transform to the above equation yields that 

d tt + v\£,\ 2 d t + \£\ 2 d = 0, 



a(£,o) = a (0, ^(^,0) = -ieMo(e)- 



(4.3) 
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It is easy to check that A± are two roots of the corresponding indicial equation of 
(|4.3p . Thus, we may assume that the solution of (|4.3p has the form 



Using the initial conditions, we obtain 



A _ A + a + \j\d Q ^ B ^ -\£\do - A_o 



A+ - A_ 



which imply 



a(£,t) 



A_i_e 



A_e A +* 



A+-A_ 



ao(0 



A+-A- 



gA+t _ gA_t 

A+ - A_ 



l€|do(0- 



(4.4) 



This determines Q 11 and <5 12 . 

On the other hand, taking Fourier transform to the second equation of (|4.ip gives 

d t = -v\H\ 2 d + \H\a. 

Thus, we have 

d(C,t) = e-^ H te,0) + 1^1 f e^ 2r d{i,T)dr . 

1 Jo J 

Plugging (14.41) into the above equality and using the relations 

A± + ^iei 2 = -A T , A_A+ = iei 2 , 

we finally get 

\+e x+t — A_e A_ * 



d(U) 



e x+t - e x ~ t 
A+ - A_ 



le|6o(0 + 



A+ - A_ 



which determines Q 21 and Q 22 . 

We have the following pointwise estimates and expansion for Q. 



□ 



Lemma 4.2. (a) Given R > 0, there is a positive number $ depending on R such 
that, for any multi-indices a and |£| < R, 



\D?g(£,t)\ < Ce~^ 2t (l + + t)l«l, 



(4.5) 



where C = C(R, |a|); 

(b) There exist positive constants R, $ depending on z/ such that the following 
expansion is valid for |£| > R, 





' 1 


" 


+ e -m 2 t 


' " 










1 



1 

1 



1 
1 



where Q l and Q 2 satisfy the estimates 

for a positive constant C depending on \a\, v. 



(4.6) 

(4.7) 
(4.8) 
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Remark 4.3. In fact, Q 2 is a diagonal matrix, see (|4.9p . Since both nonzero elements 
in Q 2 can be estimated by the right side of (|4.8p . we don't care about its explicit 
expression, and we view it as a scalar function. 

Proof. We follow the proof of Lemma 3.2 in |20j . Since the explicit expansion of Q 
is important for us, here we will present a proof. We refer to [2D] for more details. 

The inequality (|4.5p can be deduced from Lemma 14. II by routine calculations. We 
present the proof of (b) below. Let p be the symbol 

p(z,r) 



2,-2 , 2 

z + vr ' z + r . 



Define contours r + ,r_ and Tq in the complex plane to be the circles of radius 
centered respectively at — v~ l , —vr 2 + u^ 1 and 0, and 

-dz, 



_ur+ P(z,r) 
[F(r,t)=E t {r,t) + i?r 2 E(r,t), 

for large enough such that r > 10P" 1 . Then it is easy to verify that 

p(d t ,r)E = p(d t ,r)F = 0, 
£(r,0)=0, F(r,0) = l, 
E t (r,0) = l, F t (r,0)=0. 

Thus, we may assume that E and F have the form 

E&t) = A E {i)e x - 1 + B E (0e x +\ 
F(Z,t)=A F (0e x - t + B F (0e X+t . 

Thanks to the initial conditions on E and F, we obtain 



1 



Be 



1 



Ai 



A. 



B F 



-A_ 



A. 



A_(_ — A_ A_|_ — A— A_j_ — A A_(_ 

Let a, d be as in the proof of Lemma 14.11 By (|4.3p , we find 

a(^t) = F(|ei > t)a (0-l^(iei J *)*(0 > ^ = 5^, 

which implies that 

5%t) = F(i£i,t), ^,t) = -iei^(ici,t), d 2 ~ i (tt) = -mm,t). 

Introducing the function 

A_e A ~* - A+e A +* 



#(r,t) 



-VT Z t 



e pr2r E(r, T)dr 



l^| 2 (A- 



then we find 



G 22 (tt) = e 



\Z\ 2 H(Z,t). 



Thus we have 



-v-H 



1 

1 o 



+ 



F(\^t)-e-^ 








-\emt) 
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Consequently, we obtain the required expansion (|4.6p of G with 



g 1 (Z,t) = -m(\a\,t), g\^t) 



n2, 



F(\£\,t)-e-* ~ H 






M\ 2 m,t) 



(4.9) 



It remains to prove (|4.7p and (|4.8p . By making a change w = z + z^r 2 — f \ we get 



r_(r) 



-1\2 



dw 



i=o 



-2J-1 



for large enough r > 10f 1 , here C is an absolute constant. Let b~(t) be the contour 
integral on the right hand side, we have 

where C is an absolutely constant. Then if r > 2T>~ 1 is large enough, the term in 
bracket is bounded by 

Taking fc-derivatives with respect to r, we have 



d \k 
Or 



re 



Iz 



p(z, r 



d_ 



-ur 2 t 



d \ k - £ 



-2j-l 



Noting that d r e vr < C(£)r e z vr , so if r > 2CV is large enough, we have 



re 



tz 



drJ J r _ p(z, r) 



dz 



3=0 



1=0 



i ( Cv -1 \ 2 i (2j + k 



3=0 



< C{u,k)e-^ rH r- k - 1 . 



(4.10) 



On the other hand, by making a change w = z + v 1 , we have 



/ 

Jr+(r) 



ptZ 

6 dz = e~ p * 



p(z, r 



r vvw 

3 



(«,- j/-l)2 



vrw 



3=0 



dw 



r 



The term in the bracket is dominated by 



C{v)e-^\Cv- l ) 2i 
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then by the same argument as leading to (|4.10p . we get 



d \ k f re 



dz 



-i 



< C{jy)e-^ t r- k - 1 . (4.11) 



With (|4.10p and (|4.1ip . we can obtain (|4.7p and (|4.8p by using the definitions of 
the functions E, F and H. □ 

Using Lemma 14.21 we can obtain the following smoothing effect of Green's matrix 
G, which will play an important role in this paper. 

Proposition 4.4. Let C be a ring centered at in W 1 ' . Then there exist positive 
constants Rq, C, c depending on v such that, if suppu C AC, then we have 

(a) if A < i?o, then 

\\Q *u\\ L 2 <Ce- cXH \\u\\ L 2; (4.12) 

(b) if b < A < Rq, then for any 1 < p < oo, 

\\G * u\\lp < C{1 + b- n - l )e- cXH \\u\\ LP ; (4.13) 

(c) if A > i?0j then for any 1 < p < oo, 

\\G l * u\\ L v < C\- l e- ct \\u\\ LP , (4.14) 
\\G 2 * u\\ Lv < CX' 2 e- ct \\u\\ LP . (4.15) 
Proof, (a) Thanks to Plancherel theorem, we get 

\\G*u\\ La = \\g(£)m\\v < C||e^^ 2t u(^)|| 2 < Ce- cX2t \\u\\ 2 , 

where we have used (j4.5|) and the support property of tt(£). 

(b) Let 4> € V(W l \ {0}), which equals to 1 near the ring C. Set 

g(t, x) M (2vr)-" / e^A"^)^, t)d£. 

To prove (|4.13p . it suffices to show 

\\g(x,t)\\Li ^Cil + b-^e-^K (4.16) 
Thanks to (|4.5p . we infer that 

/ \g(x,t)\dx<C [ [ \cj>(\- l $)\\§($,t)\dt;dx<Ce- cX2t . (4.17) 

J^kx- 1 J\x\<\- 1 Jm n 

Set L = ?r^-. Noting that L(e %x '^) = e tx we get by integration by part that 

l\X\ 

g(x,t) = [ L n ^(e^<)^\- l 0G{i,t)di 

=(-l) n+1 / e^iLT+'iH^m^t))^. 



From the Leibnitz's formula and (|4.5p . 

\(L*r +l {^-Hm,t))\ 

< C\\x\-^ V A^I|(V^0)(A- 1 O|e-' ? l«l 2 *(l + |£|)^(1 + tf\. 



|7|=n+l,|/3|<|7| 
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Thanks to the estimate 

e -m 2 t {l + (i + t )\0\ < ce-^ 2 \i + + + 1 |/31 

< Ce -!i^(i+ier 2 ^ + ^i^ + ler^i), 

we obtain, for any £ with b < |£| ~ A < Ro, 

K^f+^^A-^)^^))! < C(l + fe-^-^lAxr^+^e-^l^l 2 *, 
which implies that 

\g(x,t)\dx < C(l + b- n - 1 )e- cX2t \ n [ \Xx\- n - l dx 

which together with (14.17P gives (14,16p , 
(c) We set 

g\t,x) M (2vr)-" / e^A"^)^, t)<%. 

Since the integrand is supported in {£ : |£| ~ A > Ro}, then we get by (|4.7p that 

/ \g l \dx<C [ [ mX-'Om- 1 ^ 2 ^ 1 +e-^ 2t )d£dx 

< CX- l e~ ct . (4.18) 
We get by integration by parts that 

g\x,t) = (-ir +1 [ e^(L*) n+1 (H^ l O§ l (Z,t))dti. 

While thanks to (|4,7|) . the integrand is dominated by 

iA^r ri - i A- i e - ct , 

which implies that 



/ \^{x,t)\dx < CX^e^X" [ 



Xx\- n - l dx 



'Ixl^A- 1 J\x\l 

< CX- x e- c \ (4.19) 
from which and (|4,18p . it follows that 

which implies (|4.14p . The inequality (|4.15p can be similarly proved. □ 

5. The linearized system with convection term 
In this section we consider the linearized system with convection terms 

d t a + Ad = —v ■ Va + F, 

d t d - - Aa = -v ■ Vd + G, (5.1) 
{a,d)\ t =o = {a ,d ). 
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def 

Let T > 0, s G R,p > 2, and s p = s — ^ -)- 2, "We introduce the functional space 



Sj, which is defined as follows 



gf, = |(o,d) G (L 1 (0,r;Bj 1,s )nr(0,T;S^ M ; 



x (L 1 (O j r;Bg, +1 '* +1 )nL OQ (0,r;Bg > M x ) 
with the norm 

def 

(OjdjlUf, = H roQA- 1 .' + ^ rooR'p- 1 - 8 - 1 + \\ a \\ri K a P +1 < a + Fl rlR'P+W- 

We denote 

Theorem 5.1. Let 2 < p < 2n, p < min (4, -^), andl-^<s<l + ^-^. 



Assume that u G ^ 1 n L^ 2 2 p +1 ' p+ \ F G L^Sg, M ,G6 £^ M L et 

(a, d) be a solution of (|5.ip on [0, T]. Then there exists a constant C independent of 
T such that 

<Ce^ T ){||(ao,do)||^ + (F(T)+F(T)^)||(a,d)||^ 
def 

Here ||(a , do) I If,? = ||a L SjJ -i, s + ||d |L Sp -i, 3 -i. 

2,p °2,p 

We introduce another functional space Ej, which is defined by 
E s T = Ua,d) G (l 1 (0,r;B* fl ' , )nL BB (0,T;B'- 1 ' 

x (V(0, T; S^ 1 ) n Z°°(0, T; i^ 1 ))"} 

with the norm 

def 

ll(M)lbf = Ikllxi?*- 1.« + II^IIz-b^ 1 + ll a lli^+i.= + ll d lli4B»+ 1 - 

Theorem 5.2. Let 2 < p < 2n, p < min (4, and l-2< s <l + 2. Assume 

n 1 H 1 H II -1-1 

that v G LfBl p ' p V\L\Bl v ' p , F G LyiB s_1,s , G G L^B^ 1 . Let (a,d) be a 
solution of (|5.ip on [0, T]. Then there exists a constant C independent of T such that 



,d)\\E° T <Ce cv ^{\\(a^do)\\ E s + (y{T) + V{T)l) 



(a, a \\e, 



T 



+ V 7 



def 



Here ||(a , d )lbg = HooH^-m + Nolle*- 1 - 
We denote 



= Aj-o, dj = Ajd, Fj = AjF, Gj = AjG. 



GLOBAL WELL-POSEDNESS OF THE COMPRESSIBLE NAVIER-STOKES EQUATIONS 17 

The proof of Theorem I5.lti5.2l is based on the following frequency localized system: 

d t aj + Adj = -Aj(v • Va) + Fj, 

dtdj — uAdj — Acij = —Aj(v ■ Vd) + Gj, (5.2) 
(a,j,dj)\t=o = (Aj-ao, Ajdo) = (o°><$)- 

In what follows, we define P as 4 = ^ — f + 5, and denote p', p' by the conjugate 
index of p', p respectively. 

5.1. Low frequency estimate: 2 3 < Rq. In this case, the Green matrix of the 
linearized system behaves as the heat kernel. Using the smoothing effect of the Green 
matrix, the terms v ■ Va and v ■ Vd can be handled as the perturbation terms. 
In terms of the Green matrix, the solution of (|5,2p can be expressed as 



a 



\ rt 



Fj - Aj(v ■ Va) 



From Proposition 14.41 (a) and Young's inequality, we infer that 
\\ aj (t)\\ L2 + ||^(t)|| L2 < Ce^ 22Jt (\\a% 2 + ||4|| L2 ) 

+ C r e - c22i ^)(||^(r)|| L2 + \\G 3 {r)\\ L ,)dT 
Jo 

+ C f e- c22j ^ r \\\A 3 (v ■ Va)( T )\\ L 2 + ||A> ■ Vd){r)\\ L ,)dr. 
Jo 

Taking U norm with respect to t gives 

hjh^ + Wdjhrv < C2-^(||o5|| ra + ||d°|| i2 + lli^ll^ + \\Aj(v • Va)||^ L2 

+ l|GA^ + l|A>-VcOLi^)- 

Here and what follows, we assume 1 < r < 00. Noting that 1 — ^ < s < — — § + 1, we 

apply Proposition O (b) with s = 2,t = s - 2 + £ - 1,5 = s p - l,t = §,7 = % ~ § 
to get 

£ 2^- 1 )||A,(Wa)||^ L2 

2J<_R 



< C|)v|| ,» j2 n n || Va|| , s _2 + ^_i, Sp „i +7 +C||Va|| r2 . sp _i, s _i||t>|| §,a 

< C|MI 21 2n„n||a|| s _ » + n + C 1 1 (1 1 1 T 2 ^"P , 3 1 1 V | L . ™ , S , 

L T B 2,p L T B 2,p ' P L T 8 2,p 

and with 7 = 0, 



£ 2^- 1 )||A>W)|| L ^ 2 

23<R 

<C\\V\\ fi2n_n||Vd|| , s _g + ™_l, sl ,_l +7 + C||Vd|| 72 . sp -l >s -l|b|| ™« 

L^B^p p 2 44,/ 7 v 1 "4^ "LIB*;* 

< C \\V\\ n 2n_n\\d\\ , s _fi+ " s „ + C| rf| T 2 R S P> S M ~ 

447 44,/ ¥ t 2 : p *L%Bl/ 
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Then we conclude that for any 1 < r < oo, 

£ 2^- 1 +i)(||a J || L , L2 + || ( i J || L , L2 ) 

23<R 

<C X: 2^- 1 )(||a J || L2 + ||4|| L2 ) 

2J<R 

+ C{\\F\\ ^-i, s + \\G\\ + H » f ||(a, d)|| £2 

L L T li 2,p Ij T a 2,p L T B 2.p T % 

+ IMU .s.aa-a (INL- + NIL/ . s -S+5.»p)i- ( 5 - 3 ) 



^T a 2,p lj T"2,p L T a 2,p 

5.2. High frequency estimate: 2 3 > Rq. In this case, since the Green's matrix has 
no smoothing effect on a, we will lose one derivative about a in the energy estimate 
if we still regard v ■ Va as the perturbation term. To avoid the loss of the derivative, 
we will work in the Lagrangian coordinate in this subsection. 
Firstly, we rewrite (|5.2p as 

dtdj + Sj-iv ■ Vaj + Adj = (Sj~\v ■ Va,,- — Aj(v ■ Va)) + Fj, 

d t dj + Sj-iv ■ Vdj - is Adj - Aaj = (Sj-iv ■ Vdj - Aj(v ■ Vd)) + Gj, (5.4) 

(aj,dj)\t=o = ( a °j,d°j)- 
Let ipj(t,x) be the solution to 

^■ipj(t,x) = Sj-iv(t,ipj(t,x)), ipj(0,x) = x. 

We set 

dj = aj(t,ipj(t,x)), dj = dj(t,ipj(t,x)), Fj = Fj(t,ipj(t,x)), Gj = Gj(t,i/}j(t,x)). 
Then the new unknown (a,j,dj) satisfies 

' d t dj + Adj = Fj + Kj, 

< d t dj - vAdj - Adj = Gj + Qj, (5.5) 
k (dj,dj)\ t= o = (Aja ,Ajd ), 

where 

TZj = (Sj-iv ■ Voj — Aj(v ■ Va)) o ipj + A(dj o ijjj) — (Adj) o ipj, 

Qj = {(Sj-iv • Vdj) - Aj(v • Vd)) o ^- - uA(dj o Vj) + u(Adj) o ^ 
+ (Aaj) o ^ — A(aj oipj). 
We get by Lemma 12.21 that 

||%'||z^ < e (5-6) 

where we used the fact 



||Vu(r)|Uccdr < C / ||V«(r)|| . t , f dr < CV(t). 

JO B 2,p 

Fix A" G N to be chosen later. Noting that 

dj = ^] A fc aj = ^ A fc Oj + ^2 ^kdj + Sj-^dj, 

k \k-j\<N k-j>N 
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we have by (|5.6p that 

IKIUp < e y(t) ( \\ A kaj\\Lp+ Yl W A kajhp + \\S j - N a j \\ L py 

\k~j\<N k-j>N 

Thanks to Lemma 12.3} we have 

£ \\A k a 3 \\ LP < Ce cV ^ Y 2-( k -^\\ LP <C2- N e cV V\\ aj \\ LP , 

k-j>N k-j>N 

\\Sj-Naj\lLP < (76^(^)11^11^+2-^11^11^). 

Summing up the above estimates yields 

IKHlp <Ce cF W( \\ A ka j \\LP + 2- N \\a j \\ L v+V(t)\\a j \\ LP y 

\k-j\<N 

Choosing N large enough such that 

Ce CV(T) 2 -N <I . N ^ e CV(T) 

~ 2 

then we obtain 

Ce cv{T)^ ^ IIA^-ll^ + nT)!!^^). (5.7) 

\k-j\<N 

Similarly, we can obtain 

\\dj\\Lr T LP <Ce cV ^( Y II Akdjh^LP + V(T) (5.8) 

Next, we need to estimate || A^aj lp and \\Akdj\\^ T LP for \k— j\ < N. In order to 
do this, we first present the estimates of Fj, Gj,1Zj and Qj. We get by using Lemma 
EJthat 



l|A fc G,|| L . LP < C2-^e c ^ T )\\G 3 \\ LUp . 



(5.9) 



Set 



TZj = (Sj-iv ■ Vaj — Aj(v ■ Va)) o ipj, 
Hj = A(dj oipj) - (Adj) o tpj, 
Q) = ((Sj-iv ■ Vdj) - Aj(v ■ Vd)) o 
Qj = i?(Adj) o ipj — i>A{dj o ifjj) + (Acij) o — A(aj o ipj), 
Using Proposition 17.41 with s = s p , a = s and Lemma [2TT| we get 
\\Sj-iV ■ Vo,- - Aj(v ■ Vo)\\ l i tLP 

< Aj] • Va|| L ^ LP + \\{Sj-iv - v) ■ Vaj\\ L i TLP 

< Cc{j)2- S] \\v\\ « +lj a +1 ||a|| £ * + c 2 y ||A i /w|| i i i ^2 J - y ||a i || L§?L P 

L T a 2, P 1 A ' p 



J'>J'-1 



< Cc(j)2 s i\\v\\ %+i4+i\\a\\z^tf P ,s, 
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from which, Lemma 12.21 and Lemma 12.71 (a), we deduce that 

llAfcft)!^ < Ce cV ^\\S^ lV ■ V aj - Aj(v ■ Va)\\ L , TLP 

< Cc(j)2-^e cV ^V(T)\\a\\~ s^s. (5.10) 

From Lemma 12.41 it follows that 

\\A k K](t)\\ LP < C^e cV ^V{t)Hd 3 \\ LP . (5.11) 

Similarly, we have 

||A fc Q}|| L ^ p < Cc(i)2-( s -^e cl7 ( T )F(r)||d|| z? ^- 1 , s - 1 , (5.12) 

\\A k Q){t)\\ LP < Ce cV ^V(t) l 2(2^\\d J \\ LP + ^\\a,\\ LP ). (5.13) 

Now we are in position to estimate || (A^aj , A k dj)\\L 7 T lp- Since (a,j,dj) satisfies 
(|5.5p . it can be expressed in terms of Green's matrix as 

( ) = g M , ( M ) + f' g{x , t _ T) , t fj + ^ \ 

We consider two cases: 

Case 1. 2 k > R . By Lemma g2j (b), we have 

AjfcO^t, x) =e- p " 1 'A fc a° + £ x * A fc dJ + Q 1 * A fe a° 

+ /"* { e - p ~ 1{t - T) + G 2 (x,t- t) * }{A k Fj + A fc ^)(r)dr 

JO 

+ / Q x (x,t — t) * (A k Gj + A k Qj) (r )dr, 
Jo 

where the scale function Q 2 corresponds to the first nonzero in the diagonal matrix 
(|4.9p . Noting that 2 k > R , we apply Proposition 14.41 (c) to get 

\\A k aj(t)\\ LP <Ce- ct \\A k a° j \\ LP +C2- k e- ct \\A k d° J \\ LP 

+ C [ e-^dlA^CrJIlLP + HAfc^MllLpJdT 
J o 

+ C2~ fc / e-^dlAfcGjMllLP + IIAjfcQj-CrJU^dr. 

JO 

Taking L r norm with respect to t and using Young's inequality give 

||A fc a,|| L , L p <C{\\A k a% P + 2- k \\A k d% P + ||A fc ^||^ iP + ||A fe 7^||^ iP ) 

+ C2- k {\\A k G J \\ L , TLP + IIAfcQ^ iP ). (5.14) 

On the other hand, we have 

A k dj{t, x) =Q 1 * A fe a° + e pA *A fc 4 + Q 2 * A k dPj 
t 



+ [ g 1 {x,t-r)* (A k Fj + A k Kj) (r)dT 
Jo 

+ f ( e - A (*-) +g 2 (x,t-T)*)(A k G j + A k Q J )(r)dT, 
Jo 
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where the scale function Q 2 corresponds to the second nonzero in the diagonal matrix 
(|4.9p . In analogy as leading to (|5.14p . we get 

IIAfcdjIlLTLP <c(2- fc ||A fc o5|| LP +2- 2 - k \\k k d]\\ LP 

+ 2- fc (||A Jfe F 3 -|| L i, LP + ||A^}|| L ^ p )+2- fc ||A fc ^ 2 || L , LP 

+ 2-^(1^^-11^ + ||A fc Q)|| iliP )+2- 2fc ||A fe Q2|| L;rLP ). (5.15) 

Substituting (|5.9p - (|5,13p into (|5.14p and (|5.15|) . then summing over k, we obtain 

W&wHlp < Ce c ^[\\a% P + 2^\\d% P 

\k-j\<N,2 k >R 

+ V(T^(\\ aj \\ L i TLV + ^\\d 5 \\ L ^) + ||^||^ + 2- J '||G i ||^ 

+ 2-^c(j)V(T)(\\a\\ z ^ ? -x,s + ||d|| £ ^-w)}, (5.16) 

and 

E H A *4'lk^ < ^^{2-^11^11^ + 2-^11411^ 

\k-j\<N,2 k >R 

+ V(T) 1 2(2-J\\a J \\ L r TLP + WdjUru) +2^11^11^ + 2-^||G i ||^ iP 

+ c{j)2-^- l+ ^V{T){\\a\\ lx ^s + HdH^^-M-i)}. (5.17) 

Here we used 2 N ~ eP v ^ and the summation is finite(at most 2iV + 1) for fixed j. 
Case 2. 2 k < R . Noting that 

2 k >V- N >R 2- N ~R e~ cV ( T \ 
Then we apply Proposition 14.41 (b) with b ~ e^^ 1 ^ to get 

\\Akaj(t)\\u> + W^kdjmLp < Ce cF ( T )e- c22fet (||A fe a5|| LP + ||A fe 4|| LP ) 
+ Ce cF(T) f e -^Ht~r)^ Ak p ][T)Uv + ||A fc G,(r)|| iP 

JO 

+ ||A fc 7^(r)|| LP + ||A fc Q^)(T)||ip)dT. 
Then taking L r norm with respect to t, we get by Young's inequality that 
W^kajWi^Lp + HAfcdjUir^p 

< Ce cV ^ {2-^(1^°^ + ||A fc d°|| LP + HAfe^-ILxip + ||A fe ^||^ 

+ ||A fc G,|| LlLP + ||A fe Q)||^ LP ) + 2- 2fc (||A fc 7l 2 || L , LP + ||A fc Q 2 || L . LP ) }. 
Substituting (|5.9p - (|5.13p into the above inequality, then summing over k, we obtain 
W^jh^Lv + ||A fc d,|| L . LP < Ce cV ^{2-^(\\a% P + 

\k-j\<N,2 k <R 

+ 2-^(11^11^ + \\Gj\\ L i TLP ) +V(T^(2^\\ aj \\ L r TLP + WdjWi^Lp) 

+ c(j)^(^)(2- (s+ ^^||a|| z§? ^- 1>s +2-^- 1 +f^||d|| z?? ^- 1 , s - 1 )}. (5.18) 
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Summing up (|5. 16|) — (|5. 18|) and noting that for 2 k < Rq, 

R < V < 2 k+N < R 2 N ~ R e cV ^ T \ 
we deduce that for any 1 < r < oo, 

£ v^a^u^ + 2^- 1 ^)\\A k d j \\ L r TLP 

\k-j\<N 

<Ce cV ^{y s (\\a% P + 2-i\\d° J \\ LP ) 

+ V(T)?{2^- 1+ ^\\d j \\ L r TLP + 2^11^11^^^ + 2^ s+1 ) 11^-11^) 
+ y S \\F 3 \\ L¥LP + 2^ \\Gj \\ l , tLP + c(j)V(T) || (a, d) Ha.}, 
which together with (|5.7p and (|5,8p implies that 

£ (2^11^-11^^ + 2^K|| L x iP +2^- 1 )||d J || L o ?iP +2^+ 1 )||d,-||^ iP ) 

2J>_Ro 



2J>i?o 



< Ce cv ^{ ^(KlU* + 2-*\\<P j \\ I ,) + \\F\\ L ^-i,s + Nl^-w 

+ (F(T)+F(T)3)||(a,d)|| e .}. (5.19) 



5.3. Proof of Theorem 15.11 Thanks to (|5,3p and (|5.19p . we obtain 



a llrooc s p- 1 ^ n rl »*J>+1>* + 
T °2,p 1 IL T C 2,!i 



T C 2,p 1 IL T £, 2,p 



-1,3 



+ v 



2,P 

n 2n n (1 



+ ||do 



J 2,p 



-M-i + ||F|| rl 



r 1 K'P 



+ l|G|| rl 



r 1 P 

lj T"2, P 



VL B. 



T 2,p 



rP k? p p 
T e 2,p 



+ NIL-, .-f+^,» P ) 

rP H p P y 
T e 2,p 



This together with the following interpolations inequalities 



1 



j 2 h"2"'P 



< v 



T e 2,p 



I , -5+1, 
r 1 K? 2 P 

lj T ti 2, P 



n 2n _ n J21 l|^||_ n —1 21 — ll 
roo(2"2" ' P 
T °2. P 



rP riP' P '2" 
L T B 2,p 



rP kj P p' ' 
T °2, P 



1 r oo n P 
T "2,p 



Sp — 1,3 — 1 | 



L T^2, P 

^11 ri „jsp+l,s+l ) 
L T a 2, P 



< Hall? 



e — 1L-L- JJ— 

T °2,p 

1 

72 ri 3 P' 3 ^ a ~ 
^T e 2,p L?pB. 



' T OO K P~ 

T °2,p 



1 T 1 R P 

L T e 2,p 



1 f j s P + 1 > s ' 



sp + l,s ; 



T^2, P 



and Young's inequality yield Theorem 15.11 



□ 
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5.4. Proof of Theorem 15.21 Since the proof is essentially the same as that of 
Theorem 15.11 here we only present main differences. We use Proposition 17.31 (c) to 
obtain 

£ 2^- 1 )||A>Va)|| z4L2 < C(\\v\\ §,f ||a|| £ ^ + ||a|| f , f \\v\\ Za 6 . ), 
2^ || A, L2 < C(\\v\\ f , f \\d\\ Z2 + \\d\\ n f \\ V \\ ZH ). 

Then in the case of low frequency, we can conclude that 

£ art-^Gtoll^ + IMill^ 2 ) 

<c( £ 2^- 1 )(||a J °|| L2 + ||4|| i2 ) + lbll Z2B f, ? ll(«^)llz^ i 

2J<_R T 2,p 

+ IMIz^JIMII^f.f + ||F|| L ^ a „ M + IIGH^-i). (5.20) 
From Proposition 17.41 and Lemma 12.21 we infer that 

ll^llz^ < Cc{ 3 )2^e^V{T)\\a\\ z ^ BS2i , 

ll A ^illz^ < CcU)2-^e?MV(n\d\\j#jtf. 
Then in the case of high frequency, we can conclude that 

£ {^hjh-L* +2^11^11^ +2^-1)11^11^ +2^+ 1 )||d i ||^ i2 ) 

2i>R 

< C e<"CO{ £ 2^(||a°|| L2 + 2-imix.) + ||F|| L ^ S _ M + 

2J>i?.o 

+ (F(T) + F(r)5)||( aj d)||^}. 

This together with (|5.20p implies Theorem 15.21 □ 

6. Proof of theorem 1.1 
This section is devoted to the proof of Theorem 1.1. We denote 

f . s def p{w~ 2 t,W~ X X) def _i , _ 2i -1 \ 

a{t,x) = = 1, v(r,x)=ro u(w t,w x), 



where w = (P'(p))z. Then the system (jl.ip can be rewritten as 
dta + v ■ Va + divv = —adivv, 

d t v + v ■ Vv - Av + Va = -L(a).Au - K (a)Vo, (6.1) 
(a,u)|t=o = (ao,v ), 



where 



A = jiA + (A + /Z)Vdiv, #(a) = P '^\t,f_\ - 1 and L(a) 



with u = ^ and A = 4. We denote 
f p p 



l + a)P'{p) w 1 + a' 

d^A^divu, J) = A-^curlw)}. 



(6.2) 
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In view of the equality 

Av l = didivv + dj (curl v) l j, where (curk>)*- = djV 1 — diV J , 

we find that (a, d, CI) satisfies 

d t a + Ad + v ■ Va = F, 
d t d - uAd - Aa + v ■ Vd = G, 
* d t n - flACl = H, 

(a,d,tt)\ t=0 = (a , A _1 divi;o, A _1 curlt;o), 

where v = 2fl + A and 

F = — adivv, 

G = v ■ Vd - A _1 div(?; • Vv + L(a)Av + K(a)Va) , 
H = -A _1 curl(?j • Vv + L(a)Av) , 
v = -A" 1 Vd - A _1 diva 
6.1. A priori estimates. 

Proposition 6.1. Let 2 < p < 2n, p < min (4, ^rjj)- Assume that (a,d, ft) is a 
smooth solution of the system (|6.2p on [0, T] with 

1 

H a llL°°([0,T]xK n ) ^ 2' 

Then we have 

C]l(a>«)[| a 3 
||(o,«)|| f <Ce ^{11(00,^)11 f + ll(a,t;)|| S n(l+||(a I «)|| -) t+2 |- (6.3) 



Here IKaojVo)!! a = ||a || + n« n! | ^ ,. 

"2,p "2,p 

Proof. Thanks to Theorem 15. 11 we get 

C[|(<mOII a , i 
\\(a,d)\\ a < Ce £ t p {||(ao,db)|L » + (IIM)Pa + IKMILf ) 



"T 

x !((/. 



^)ILf + II^IL R 5-^t + II^IL K 5-^-}' 

and from Proposition 13.21 

ll^ll- •5-i>S-i + ll^ll , ■f+ 1 'f+ 1 - C(ll^o|| .f-i,f-i + ||#|| , .f-i 

T °2,p ^T°2,p °2,p L T°2,p 

Then we obtain 

C]|(o,w)|| a 

(a,u)|| » <Ce 

" " " "'"^ el 



- r I 

? { IIK,«o)IU + (IKMP* + ll(a^)IU) 

x ||(a, W )|| n+||F|| *-^+\\{G,H)\\ n tf-uf-X (6.4) 

Here we used the fact 



for any s, a G R, r G [1, oo]. 



GLOBAL WELL-POSEDNESS OF THE COMPRESSIBLE NAVIER-STOKES EQUATIONS 25 



Now we need to estimate the nonlinear terms F, G and H in (|6.4p . We define p 
asi = 7^ — f + 2> an d denote p' by the conjugate index of p. Due to 2 < p < 2n, 
P < ^=2, using Proposition O 0) with s = *,t = $ - 1, ? = § - l,t = §,7 = 
yields 

£ 2^-D||A,F|| L , L2 

23<R 

< C\\a\\ n 2n n lldivull ™ _i a_i + (7 1 1 divy 1 1 „ a_ia_i||a|L a a 

L T B 2,p L T B 2,p L T B 2,p L T»2,p 

< C\\a\\ a a llull , n n + C|b|L aa||ct|L a, a, 

L T a 2,p L T B 2,p ^T B 2,p L T a 2,p 

and from Proposition 17.31 (a) with a = r = ^, 

I a 2 di'.v v 1 . . 1 _ 1 1 1 1 1 _ 1 _ 

rooR^'P 11 "rlK^'P — 11 "jooa^ ' P " N rloI T, P 



E, n 
<C||o|| n,a||divu|| a,a < C||a|| 9 _i,tt||i;||_, ^ , 



J T "^2,p ^T"2,p T "^2,p ^T"2,p 



from which, we infer that 



n n 



IF a_i a < (7( a L- a a M , » ; I 1)1 a a a L 

T 2,p X L T a 2,p L T B 2,p L T a 2,p T 2,p 

+ 1 1 a 1 1 «_i a ||f II a+ia+i). (6.5) 

T C 2,p ^T°2,p ' 



Similarly, we have 



ll uVu IL lri 9-^ + ll« Vd ll 



n n 



rl R 7 ^p II IU 1 pjY x > p 

< C||l?|| n 2n n \\v\\ nn+C\\v\\_ tta||u|L 

L T B 2,p L T B 2,p L T B 2,p L T B 2,p 

From Proposition 17.31 (b) with 7 = ^ — § and Proposition 17.51 h follows that 



2«- 1 >||Aj(A»Va)||„ 12 



<C||K(a)|| n 2n nllVall , «_i a_! +C||Va|L s_i a-Jiffa)!!., a a 

L T B 2,p L T B 2,p L T&2,p L T B 2,p 

n j 2 

< C(||a|L - a a ||a|| , « a + 1 1 d 1 1 a a Mall .aa)(l+||a|L .aa) 2 , 

— Vll "rPoP'P 11 7P tijr P "r2 n2'P " l 'r2o" P'> 11 11 r oo n P P 1 

L T"2,p L T B 2,p L T a 2,p T 2,p T 2,p 



and with 7 = — 1 



£ 2^f- 1 )||A,(L(a)^)||^ L 2 

2J<i? 



<C||L(a)|| n 2n nlUull , J» -l"-l+ 7 + ClUull . S _! S _1 1 1 L(a) I L "a 



^ C( G I _ a a f ™ a "I - O _ « a f a+i a+i I ( 1 + Ct _ aa) 

V" "rPyiP'P 1 rp'„7' 7 "fcool'p 11 "flcl 'P >\ 11 1 1 j oo n P ' P > 



§+1 



• r p„p p" "Tp'kP 2 " Tcon2'p " "Tip,' 

L T l5 2,p L^, B% p T °2,p h T a 2,p 
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On the other hand, from Proposition 17.31 (a) and Proposition 17.51 



L\,Lp) 

V>R 

< C\\K(a)\\ t , f ||Va|| + C\\L(a)\\ M \\Av\\ » ljf . 

lj T°2,p lj T°2,p T °2,p ^T D 2,p 



<Cfl+||a|L nn) 

\ 11 " r oo liP ' P ' 



§ + 1, 



J T^2,p 



T^2,p 



LrSB. 



T "2,p 



1 r 1 + 
Jj T"2,p 



Thus, we deduce that 



(G.i?) a_i a_i < Cfl + a L 22.21) 2 ( a L jaaL as 

T 2,p X C 2,p X L T !S 2,p Ij T 1S 2,p 



+ llalL- .» « (llall , 

II H ,p „p >p VII H~p/ 



+ F 

T^2,p ^T"2,p 



V t Kp V L%bC V KB. 



n n ) ~\~ WdW n n \\v\\ 



J T "2,p 



Noting that the interpolation inequalities 



rP KP' v 
2j T°2,p 



n -i n 



T °2,p 



, ™ « < a 

T °2,p 



T °2,p 



™ n < ||a|| 

r2 »2 ' p — 
L T°2,p 



n 1 n 



T a 2,p 



-^"'"2" — ,8-l,a- 
' r oo re 2 p 



T OO ft < 

T °2,p 



1 

I P 

n i i n ■ 

1 rl B^ + 'P 



"rl 'P 
^T°2,p 

1 

I 2 

L T C 2,p 
1 



L T®2,p 



n 

tP riP ' P 7 



H in -i ^ 



r oc k? P 
T °2,p 



L\B^ 



S+lf +1' 



T 2 ftZ'P ~ 11 
L T°2,p 



T °2,p 



^T°2,p 



¥+1,5+1 ' 



and from p < > 



' "toohP'P " "ioorJ 'P 

T °2,p T °2,p 



we plug ([63])-([6l)]) into ([631) to obtain (I6T3|) . 

Proposition 6.2. Under the assumption of Proposition 16.11 we have 



C\\(a,v)\\ n 



(a,v)\\ Ei <Ce 



- f i 
r P {||(ao, W o)|L %+\\{a,v)\\ n\\{ a ,v)\\\ 



x 1 + \\(a,v) 



Here ||(a ,uo)||. 



def 



llaoll 



- n in 



^2 Y l 
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Proof. Since the proof is similar to that of Proposition 16.11 here we only indicate 
main differences. Firstly, we get by using Theorem 15.21 and Proposition 13.21 that 



\\(a,v)\\ a < Ce ^ {11(00,^)11 a + (\\(a,v)f\ + \\(a,v)\\ *)Ma,v)\\ f 

+ 11^^-1.9+11(^^)11 (6.8) 

Applying Proposition 17.31 (c) yields 
E ^f^llA^H^ <C\\a\\ n.^^Hdiv^H , +C||divt;|| n^ \\ a \\ a , 

2 j <Rq L T V 2,p ^T a 2,l L T t >2,p U T a 1,\ 

E2- ? 't||A 7 -F|Ui L 2 < Cllall .a.alldivdl , .» + C||divd| .a.allalL .», 

23>R T 2,p ^T^2,l L T°2,p T 2,1 

which imply by the interpolation and Lemma 12.71 (a) that 

Ilil^-Lf <C||(a,t;)|| »||(a,i;)|| f . (6.9) 

Similarly, we have 

Y,^- 1] (\\^{vVd)\\ L , TL 2 + ||A,(W W )|| LlL 2) 

< CllvIL a_ia_i||«|| . n+i + C|M| s+i a + i .ft-i- 

L T "2 p U T D 2,\ L T a 2 p T -°2,1 



From Proposition 17.31 (c) and Proposition 17.51 we infer that 

^2^f- 1 )||A,(K(a)Va)|| Lli2 
j'ez 

< C||K(a)|| « a || Va|| n_, + C||Va|| \\K(a)\\ a 

L T°2,p lj T a 2,\ T 2,p lj T D 2,\ 



and 



<C(l+ b L aa) 2 o L a a a ~„ -fti 

V ll "rsoRP'P' 11 11 r 2 t2 2 ' p II " T? f>2' 



^2^f- 1 )||A J ( J C(a)^)|| L ^2 



<C||L(a)|L nnlU-yll n.i + CIUwII n_i,n_i||L(a)||^ .« 

e 2,p lj T- D 2,l T 2,p T a 2.\ 

n I -i 

<C(l+||a|L a «) 2+ ||(o,u)|| a ||(o,u)|| a 

— v 1 1 1 1 T p • p y n\j/ii pii\> 



Thus, we obtain 



IIGII .a-i + ll-ffll .a-i < C(l + llolL aal* Ilia, fill a||(a,v)|| a. 
This together with flfTH]) and (USD implies ([621) • D 
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6.2. Approximate solutions and uniform estimates. The construction of ap- 
proximate solutions is based on the following local existence theorem. 

Theorem 6.3. [15J Assume that po~P £ B 2 2 x an( ^ u ° £ B£i with po bounded away 
from zero. There exists a positive time T such that the system (jl.lfl has a unique 
solution (p, u) with p bounded away from zero, 

77 n_ -i n i i 

p-pGCdO.T)^^) and « G C([0, T); B^ ) D L (0, T;B£^ ). 

Moreover, the solution (p, u) can be continued beyond T if the following three condi- 
tions hold: 

(a) The function p — p belongs to L°°(0, T; B 2 -J; 

(b) The function p is bounded away from zero; 

(c) J ||Vu(T)||z,°°dT < oo. 

To apply Theorem 16.31 , we need 

77 77 77 j 

Lemma 6.4. Let p > 2. For any (po — P,uq) G £ 2p p x (B 2 2 p ' p ) satisfying 

Po > P, there exists a sequence {(Po' M o)}fceN with (p§ — p, Ug) G ij'2~ 1 '2' x (B 21 ) 
such that 

IIPo-Po|| 5-1,5 — »0, ||tig-«o||.t-i,j-i — ^0 (6.10) 
as — > oo, and po^ > ^ for any k G N. 

Proof. This lemma can be proved by following the proof of Lemma 4.2 in [I]. □ 
Let (po,Uq) be as stated in Lemma 16.41 Then Theorem 16.31 ensures that there 
exists a maximal existence time T k > such that the system (jl.ip with the initial 
data (po fci i*o, fc) has a unique solution (p k ,u k ) with p fc bounded away from zero, 

77 77 I Ti. I 1 

p k - p G C([0, T fc ); B^) and u fc G C([0, T fc ); B^ ) n L\0, T fe ; B 2 2 + ). 
Using the definition of the Besov space and Lemma 12.11 it is easy to check that 

77 77 77 ^ 77 ^ Yl I 77 i <1 

p k -peC([0,T k );Bl p ' p ) and tt fc G C([0, T^); S 2 2 p p ) n L\0, T k ; % '* ). 
We set 

a fc (t, x) = — ^ — — - 1, v fc (t, x) = w~ l u k (m~ 2 t, w~ l x). 
P 

Then from (fTTUj) and (IBTTUl) . we find 

\\(a k ,v k )\\ f <C v, 

for some constant Co- Given a constant M to be chosen later on, let us define 
nM SU p{te[0,T k ); ||(a*,«*)|| j < Mr,}. 
Firstly, we claim that 

T fc * = T k , Vk G N. 
Using the continuity argument, it suffices to show that for all k G N, 

\\(a k ,v k )\\ f <§Mrp (6.11) 
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In fact, noticing that ||a fc ||Loo < Ci||a fc || , we choose r\ as 

such that 

WaH < 1 

ll a IIl°°([o,t*)xIR™) S tj- 
Thus, we can apply Proposition 16.11 to obtain 



(a k ,v k 



a < Ce CM " { Co?? + (Mr?) 1(1 + Mr?) ?+ 2 }. (6.12) 



Set M = 4CCo, then choose r/ small enough such that 

e CM ^ < -, C(Mt/)3(1 + Mr/)i+ 2 < ~ 

then the inequality (|6.1ip follows from (|6.12p . In conclusion, we construct a sequence 
of approximate solution (p k ,u k ) of (jl.ip on [0, T&) satisfying 

||(a fe ,r/)|| » <M V , (6.13) 

for any k £ N. Next, we claim that 

T fc = +oo, V/ceN. 

n 

Thanks to Theorem 16.31 and (|6.13p , it remains to prove a k G L°°(0, T k ; BfJ. While 
thanks to Proposition 16.21 and (|6.13p . we have 

[|(a*,«*)[| t < Ce CM ^{\\(a k ,v k )\\^ + \\(a k ,v k )\\ ^ (Mr/)^(1 + Mr,)! + 2 }, 
which implies that 

||(a fe ,« fe )|| f <C||(dS,«g)|| } . 

6.3. Existence. We will use the compact argument to prove the existence of the 
solution. Due to (|6.13p . it is easy to verify that 

71 

• a k is uniformly bounded in L°°(0, oo; B^); 

— — l — +1 

• v k is uniformly bounded in L°°(0, oo; B£ x ) n L l (0, oo; Bg x ). 

By the interpolation, we also have 

k — ■ ~~ e 

v is uniformly bounded in L 1 -^ (0, oo; B^ x ), 

for any e € [—1, 1]. 

Let v\ be a solution of 

^£-^£ = 0, t£(o) = t& 

It is easy to check that v\ tends to the solution of 

d t v L - Av L = 0, v L (0) = v , 

. 2.— 1 . «+i 

in L°°(0,^;B^ )nL 1 (0,oo; J B; i ). 
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We set a k == a k — a(j and v k == v k — v\. Firstly, we claim that (a k ,v k ) is uniformly 
bounded in Cf oc (R+; B^ ) x C lo 2 c (K+; B/ >x ) with 

/2n 



Recall that 



min ( 1,1 



<%a fc = -v k ■ Va k - divv k - a k divv k , 



~ ■ — — l 

which together with Lemma [2 . 81 implies dta k G l?B^ x , thus a fc is uniformly bounded 

n ^ 

in C72 B^ ). On the other hand, 

8 t v k = -v k ■ Vv k + Av k - Va k - L{a k )Av k - K{a k )Va k . 
Thanks to Lemma 12.81 and Proposition 17.51 we have 
\\v k ■Vv k + L{a k )Av k )\\ 2 

<C\\v k \\ z\\Vv k \\ 2 r k _ q _ 1+ C{\\a k \\ m )\\Av k \\ 2 a_i_ s . 

The inclusion map B 2 2 p ' p ^ B*j implies Aa k G £°°B^i , thus K(a k )Va k is 
bounded in L°°Bp 1 . Therefore, we have G Bp , thus i> fc is uniformly 

ill ' . S_l_c 

bounded in C /o 2 (K^B^ ). 

Let {XiljeN be a sequence of smooth functions supported in the ball B(0, j + 1) 
and equal to 1 on B(0,j). The claim ensures that for any j G N, {xjO- k }ken 



i 



is uniformly bounded in Cj 2 oc (M + ; B£ ), and {Xj v }fceN is uniformly bounded in 



p 

2=£, . . 5-l-s 



C^ 2 (M+j-Bp^^ '). Observe that for any x G C^°(M n ), the map: (a fc , h-> X^ fc ) 
is compact from 

n ^ 7i 21 ^ <- — 1 — 1 — 1 r 

H^xfe fl^) into B/ tl . 

By applying Ascoli's theorem and Cantor's diagonal process , there exists some func- 
tion (a,v) G £ p such that for any j G N, 

Xja k ^ Xj a in C loc (R + ; B>~\ 

n_1 _ V 1 -'"-'-^/ 

X^^Xi^ in C loc (M+;B; A ), 



as tends to oo(up to a subsequence). By the interpolation, we also have 



Xja k — > Xi a m Q oc (K + ; B^ "), V0 < s < 1, 



AT 



(6.15) 

XjV k ^ Xj v in Ll oc (R+;B^ ), V - 1 < s < 1. 

With (|6.14[) - (|6.15p . it is a routine process to verify that (a + a,Q,v + vl) satisfies the 
system (16. ip in the sense of distribution(see also [H]). Finally, following the argument 

in [UJ, we can show that (a,v) G C([0, oo); 5 2 2 , p ' P ) X C([0, oo); B 2 2 p ' p ). 
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6.4. Uniqueness. In this subsection, we prove the uniqueness of the solution. As- 
sume that (p ,u ) E £p and (p , u ) G are two solutions of the system (jl.ip with 
the same initial data. Without loss of generality, we may assume that (p 1 , u 1 ) satisfies 

IKp 1 -/^ 1 )!!^ <Mrj. (6.16) 

»_i JV 

Since p 2 — /? G C([0, T]; /3 2 2 p ' p ) and p 2 (0, a;) > ^, there exists a positive time T such 
that 

P 2 (t, x) > |, for (i, x) G [0, T] x R n . 

We set 

a k (t,x) = P k ^ w ~ H ^ w ~ l£ ) _ 1; v fc (t ) =ro -V(tu- 2 t,ti7- 1 x), A: = 1,2, 
P 

5a = a 1 — a 2 , = v 1 — v 2 . 
Thanks to (16.11) . we find that (8a, Su) satisfies 

d t 5a + v 2 • V5a = 5F, 

d t 5v - ASv = 5G, (6.17) 
(Sa,5v)\ t=0 = (0,0), 

where 

<5F = — 5v ■ Va 1 — divdv — a 1 div5v — <5adivf; 2 , 
SG = - X75a - (v 1 ■ Vv 1 - v 2 ■ Vv 2 ) - L^Av 1 + L(a 2 )Av 2 
- K(a l )Va l + K(a 2 )Va 2 . 

In what follows, we denote V l (t) = J * ||u 1 (t)|| .« +1 dr for i = 1,2, and denote by 

B p,i 

At a constant depending on lla 1 !! a and ||a 2 |L « . Due to the inclusion 

— 1 i 
relation £p C £ (p < n), it suffices to prove the uniqueness of the solution in £ . So, 

in the following we take p = n. 

Applying Proposition 13.41 gives 

\\Ht)\\ B o <e cy2 ^ f\\5F{r)\\ Bn dr. (6.18) 

p, oo p,oo 

By Lemma \2.8\ we have 

\\6F(r)\\to < C\\v 2 \\ B , \\Sa\\ B0 + (7(1 + {{a 1 ^ )\\Sv\\ Bl . 

Plugging it into (16. 18f) . we get by Gronwall's inequality that 

\\Sa(t)\\ B0 <e cy2 V [\l + \\a% 1 )\\Sv\\ Bl dr. (6.19) 

P.°° Jg P,l P,l 

Applying Proposition 13.31 to the second equation of (|6.17p gives 

II^Ux^) + ^huB^) Z C f ¥G{r)\\ B -,Jr. (6.20) 

J 
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Prom Lemma 12.81 and Proposition 17.51 we infer that 



\\SG(t)\\B^ <C\\(v\v 2 )\\ Bl \\5v\\ B0 +A t \\a 1 \\ Bl \\5v\\ Bl 

+ A t (l + \\v 2 \\ B2 )\\5a\\ B0 . (6.21) 



p,l p,'30 



.1..3MI. <<L 



We take T small enough such that 
Thus, plugging (|6.21[) into (|6.2U|) . we infer that for any t G [0,T] 

.1 „.2 



ll^ll£i(Bi j0c) < At / (1 + 11(^,^)11^)11^11^^. (6.22) 



Lemma 6.5. [13] Let s G R. Then for any 1 < p, r < +oo and < e < 1, we have 

ll/IIZ r (B s ) / 

, pi) <C log(e + 

From Lemma 16.51 it follows that 

W Sv hi(BO >oc) + INIzj(B» oo) - 



PWl^b^) | \\f\\Lr(B° p -£) + \\J llLJ(BS+S) 



ll^llLj(A iil )<^ll^(^ oo) Iog^ + 
which together with (pl9j) and (f6T22|) yields that for any te [0,T], 



where Ct = llri ,-ro n + H^lri cr2 v Noticing that II (v 1 , v 2 )(t) II r2 is integrable 
on [0, T] and 



f 1 dr 

/ ~ ; — 7 TT" r = +°°> 

7 rlog(r + C T r L ) 



Osgood lemma applied concludes that (5a, 5v) = on [0, T], and a continuity argu- 
ment ensures that (a , v ) = (a 2 ,t> 2 ) on [0,oo). 

7. Appendix 

In what follows, we denote X{ } by the characteristic function defined in Z, and 
{ c (i)}jeZ by a sequence in £ with the norm ||{c(j)}||^i < 1. 

Lemma 7.1. Let s,a,t,r € R, 2 < p < 4, is the conjugate index of p, and 
1 < r, r\ , r2 < oo with - = — + — . Then there hold 

(a) if s < §, a < |, then for 2-?' > i?o, 

< ^(2^-^ + 2^— ) + 2*5— ^ll/llzn^ll^llz^^; (7-1) 

(b) if s < 2 <r < ^ - f , then for 2* < i? , 

l|A,(T /5 )|| L , L2 < Cc( J )(2^t—*) +X {2 ,^ 0} (2 J( ^ S ^ +^T-f—))) 

x ll/llz r if5 s ' CT ll5 , llz r 2B t ' T 5 ( 7 - 2 ) 
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(c) if s < |, a < 2 then 

\\^(Tf 9 )\\ L r TL i < ^(^t^ + ^f^JII/ll^^llpll^^. 
Proof, (a) Thanks to (|2.ip . we have 

A i(7><?) = J] A i (5 fc _i/A^)= ^ ^ A,(A fc ,/A fc5 ). 

|fc-j|<4 |fc-j|<4fc'<fc-2 

We denote J = {(A;', fc); \k - j\ < 4, k' < k - 2}, then for 2* > -R , 

IIA^r^)!!^^ < ^||A,(A fe ,/A fe5 )|| L , L p 
J 

< (E+E+E)n A ^ A fc'/ A ^)ii^ 

Jim Jlh Jhh 

def 



7i + I 2 + h, 



where 



Je m = {(k', k) € J, 2 fe ' < i? , 2" 4 iio < 2 fc < i? }, 
4 = {(fc',i)eJ, 2 k ' < R ,2 k > R }, 
J hh = {(k',k)eJ, 2 k ' > R ,2 k > R }. 
We get by using Lemma 12.11 and s < § that 

l!<C7 £ ||A fc; /|| L?Loo 2 fc ^-f)||A fc5 || L?L2 
(k',k)eJ( m 

<C E 2 fc 'lA fc ,/|| i?i2 2 fe '(f-)2^||A fc 5|| L?L2 2 fc ^--) 
(fc',fe)eJ fm 

T °2,p T a 2,p 

Similarly, we have 

h< E W A k'f\\L^L^kg\\ L ^ LP 

(k',k)£j eh 

<C Yl 2 k '^\A kl f\\ L r TlL2 2 k '^-^\\A k g\\ L?LP 2- k ^ 



(k',k)eJ eh 



T "2,p T "2,p 



and noting a < —, 



J 3 < ^ H A fc'/llL?L-H A ^llL?^ 
(k',k)£j hh 

<C Yl 2 fcV ||A fe ,/|| L?LP 2 fe '(?^2 fc H|A fe5 || L?LP 2-^ 
(fc',fc)eJ hh 



<Cc(j)2^t— )||/|| zn || 5 || £r t , T . 
Then the inequality (|7.ip can be deduced from the estimates of I\,l2 and I3. 
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(b) We denote 

jM{(tf } k); \k-j\ <4,k' < k-2}, 
then for 2 3 < Rq, there holds 

J = Jg£ U Je m U Jhm, 

where 

J U = {(k',k) e J, 2 fc ' < i? ,2 fc < i? }, 

= {(&', ft) G J, 2 fc ' < i? , i?o < 2 fc < 2%}, 
4m = {(k', k) € J, 2 k ' > R , R < 2 k < 2 4 R }. 



Then thanks to (|2.ip . we have for 2 J < Rq, 

\\M T f9)\\L* T i? < E l|Ai(A fc '/A fc9 )|| L , L2 



J 

< (E + E + E)iI a ^ a ^'/ a ^)IIl^ 



m u rim 

def 



//l + JJ 2 + // 3 . 
We get by using Lemma 12.11 and s < \ that 



-kt 



Ih<C 2 fc ' s ||A fe ,/|| L?L2 2 fe '(f-)2 fct ||A fc5 || L?L2 2- 
{k',k)eJ u 

<Cc(i)2i(t-^)||/|| £? ^|| 5 || £? ^, 
JJ a <C £ 2 fc ' s ||A fe ,/|| L , lL2 2 fc ' ( ?- s) 2 fc H|A fc5 || L?LP 2-^ 



{k',k)eJ tm 

<Cc(i)x { 2^i ?0 }2 j{ ^^ r) ||/|| Z? ^||5|| Z? ^ ; ^ 



and noting a < ^ - ^, 



Ih<C Y, 2^||A fc ,/|| L?iP 2 fc (--^ CT )2^||A fc5 || L?LP 2 

(k',k)eJ hm 

•/ 2n n \ 

<c c o> {2J ^ o} 2 j{ ^-^ CT - T) ||/|| z?%CT |bllz-^:- 



The inequality (|7.2p follows from the above estimates. 

(c) Since the proof of (|7.3p is similar, here we omit it. □ 

Lemma 7.2. Let s,a,t,r € K, 2 < p < 4, p' is the conjugate index of p, and 
1 < r, n, T2 < oo with ~ = i + — . Assume that s + i > 0, s + r > 0, er + i > 0, and 
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a + t > 0. Then there hold 

IIA?'-ft(/j 9)\\l^lp <Cc(j)(2^7- s - t) + 2^- s -^ 

+ 2 y(i— *) + 2 *(5— ^ll/H^^lbll^^; (7.4) 

|| A^(/,<?) IIl^ <Cc(i) (2^f-^) +2^?-^ 

+ + ^'^-t— )) ||/||^ IMI^s (7-5) 

||A^(/,5)IIl^ <C'c( J ^(2^f- s ^> + 2^^-^)11/11^^ J|^|| z . 2 ^. ; . (7.6) 

where is the conjugate index of p. 
Proof. Thanks to (|2.1j) . we have 

A j (R(f,g)) = J] J] Aj(A k fA k ig), 

k>j-3 \k'-k\<l 

Set J = {(A;, fc'); * > i - 3, \k' - k\ < 1}, then 

J = J U U j£ m U Jftm U Jftft, 

where 

J« = {(k, k') € J, 2 k < Rq, 2 k ' < R }, 
Jim = {(k,k') £ J, 2 k < R ,R < 2 k ' < 2R }, 
Jhm = {(k, k') E J, 2 k > R , 2- 1 R < 2 k ' < R }, 
Jhh = {(k,k') E J, 2 k > R ,2 k ' > R }. 

Thus, we have 

Aj (■#(/, fl 1 )) = (^ + ^ + ^ + ^)A i (A fc /A fe , 5 ) 

J« Am Am Ah 
= h + h + h + h- 

We get by Lemma 12.11 and s + t > that 

||/i||l^<C2^ ^ IIAfc/AtfsU^i 
(fe,fc')eJ« 

<C2 J ? £ 2^||A fc /|| L?L2 2-^2 fc '*||A fc ^|| L?i2 2- fc '* 
(k,k')eJ u 

<Cc(^2 j( ^- s - 4) ||/|| z? ^, CT |b|| z? ^, 

and 

H/xll^ <C2^'f ^ HAa/A^U^! 
(k,k>)eJ u 

<Cc(i)2^f- s -*)||/|| z , 1 ^, CT |b|| Zr2 ^. 
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Similarly, due to s + r > 0, we obtain 

\\h\\ir T L><C2>* Y W A kfA k ,g\\ 



2p 



and 



<C2^ 2 ks \\&kf\\ L?L2 2- ks 2 k 'T\\A k ,g\\ L?LP 2-^ 

(k,k')&J em 

<Cc(j)2^t— )||/|| r || 5 || £r 

T 2,p T 2,p 



\\H\l^<C2^ £ [|A fc /A^|| * 

(k,k')£j lm 1 

<CcO')2* ( 5— T ^l/llz^-IMIz^ 



Thanks to <r + i > 0, we have 

H/3IIL5.LP <C2^f Yl W A kfA k ,g\\ 



2p 

(fc,fc')eJ hm 



< C2if £ 2^||A fc /|| L?LP 2-^2 fe ''||A fe , 5 || L?L2 2- fc '' 

(fc,fe')GJ hm 

<Cc(;)2*<9-^||/|| Z n ft .-||^|lE ?1 



and 



T °2,p T "2,p 



\h\\ L r rL 2 < C2^ \\^f^k'9\\ LrL ^_ 

(k,k')GJ hm T 

T 2,p T u 2,p 



Finally, due to a + r > and 2 < p < 4, we have 

\\h\W T LP < C2^v Y \\ A kf^g\\ 



p 

L r T L? 
{k,k')&Jhh 



<C2^ Y 2 fcCT ||A fc /|| L?LP 2- fcCT 2^||A fc , 5 || L?LP 2- fe ' 1 
(k,k')eJ hh 

< Cc(j)2 j ^-^ \\f\\l^A9hr2 Bl ,r, 
T 2,p T 2,p 



and 



\\U\\ L ^ <C2 3{ t-V Y IIAfc/Afc/gll 5 

{k,k')GJ hh 

<Cc{ 3 )2^— Hf\\l^A\9\\~ L? ^. 

Then the inequalities (|7.4p and (|7.5p can be deduced from the above estimates, 
nally, the inequality (|7.6p can be deduced from 

11*1 + ^3||l^ < C2*f ^ ||A fc /A fe , g ||^ Ll 

(fc,fc')GJ«UJ h 

<Cc(j)2^t- s -*)||/|| Zn , || 5 || Z , 2 ^, 

T 2,1 T "2,p 
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and 



\\h + h\W T V <C2^ Yl W^kfA k ,g\\ 



2p 

(k,k')eJi m UJ hh 1 



<Cc(j)2^- s -^\\f\\ lri \\g\\ r2 # 

T D 2,l T a 2,p 

This completes the proof of Lemma 17.21 □ 



Proposition 7.3. Let s,t,s,t,a,r € R, 2 < p < 4, and 1 < r, r±,r2 < oo with 

r = n + Then we have 

(a) if ex, r < ^ and <r + r > 0, then 

c r7llflL r| ^ _ i; , M . r) 



£ 2^ + ^\\A 3 (fg)\\ L r TLP < Cll/ll 5 _ f+CTlCT || 5 || f _ f+r , r ; (7.7) 



2J>Ro -r"a,p -t-2,p 

(b) if s, s < ^, s + t > n - ^ with s + t = s + i, and 7 6 R, then 



£ 2^^-f)||A J (/ 5 )|| L , L2 



2J<_R 

<^(ll/ll ri --5 + ?!l5ll r2R M-t + - + , + ll5ll r2R M-f + f 11/11 M- f + ? ). (7.8) 
T °2,p T c 2,p L T °2,p T °2,p 

(c) if s, s < §, s + t > § - I with s + i = s + t, then 
^2^^-f)||A,(/ 5 )|| L , L2 



Proof. Thanks to (|7J4), we get for 2 J > R , 

||A,.(r /5 )||^ LP + ||A,(T 9 /)|| L , iP < Cc0-)2 J( ?- CT - T) 11/11 n_ f+CT>CT || 5 || n_ ? . 

T °2,p T °2,p 

and from (|7.4|) . we infer that 

T "2,p T "2,p 

from which and Bony' decomposition ()2.2|) . we obtain (|7.7p . 
From ([72]), we get for 2 j < 



IIA^r^n^^Cc^d 



f-s-i) 



n 1 n 



T °2,p T °2,p 



l|Ai(r fl /)||^<CcO0^-^y| , ^ , 

T °2,p T °2,p 

and from (17.5H . 

\\^i(m9))\\^<Cc(j)^-'-^\\f\\ rn .M- f+f || 5 || ^M-l+f, 

T "2,p T "2,p 

which imply (|7.8p . In the same manner, the inequality (|7,9p can be deduced from 
^3D and (ESD. □ 



38 QIONGLEI CHEN, CHANGXING MIAO, AND ZHIFEI ZHANG 

Proposition 7.4. Let 2 < p < 4, -j* < a < § + 1, and -| < a < * + 1, and 

1 < r, 7*i , r2 < oo with - = + ^ . Then for 2 J > i?o , there holds 



||[«,A,-]-V/||^ <Cc(j) (2"^ + 2^(5-5-)) ||«|| \\f\\ Z r 2ir . (7.10) 

L T B 2 p T 2,p 

Moreover, if—— <s< — + 1, then 

||b,A i ].V/|| I/ . i2 <Cc(i)2-i^| U || « +lif+1 ||/|| z;24 (7.11) 

Proof. Using the Bony's decomposition (|2.2p . we write 

[u, Aj] • V/ =[T„i, Aj]Si/ + Tg i A, j fV i + R{v\ fifcA,-/) 
-AjiTg-fV^-AjRWAf)- 
We get by using (ffTT]) . s<§ + lando-<^ + l that 

l|A,(T ai/ ^)|| L , LP <C C (j)(2-^ + 2 J ^- ? -«))||v/|| r ^ --a. — x||v|| ~ ri .f + i,f +1 . 
And from (|7.4jl . s > — - and cr > — -, we infer that 



||A^^)||^ L p<Cc(i)(2-^ + ^-f-))||V/|| z 
Noticing that 

= + R{v\diAjf) = E S k+2 AjdifA k v 

k>j-2 

then we get by Lemma l2.1l that 



IKa^Hlp < CWAjVfW^ E \\A k v\\ L7LP 

k>j-2 

<C2^ 1+ ?)||A,/|| L?iP ( E U A HI^ + E 2* (i ~*Wl|^ 

fc>i-2,2fe>i? fc>i-2,^l<2 fc < J R 

< C C (i)2-^||^|| 5+1 , f+1 ||/|| £? ^. (7.12) 

Now we turn to estimate [T„,: , Aj]<9j/ = [S^-iV, Aj]diA k f. Set /i(x) = 

|fc-i|<4 

(J-^ 1 (p)(x), we get by integration by parts that 



[T^,A j ]d i f = V Ti I h(^(x-y))(S k . 1 v i (x)-S k . 1 v i (y))d i A k f(y)dy 

\k-j\<4 J ^ 

E 2(n+1)j ' / / yVS k ^ 1 v i {x-ry)dTd i h(^y)A k f{x-y)dy 

|fe-i[<4 ™ ^ 

+ 2"^' / h(2?{x-y))d i S k - 1 v i (y)A k f(y)dy, 
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n n 

which together with the Minkowski inequality and -B 2 2 p p L°° implies 

\\[T vl ,A 3 ]d t f\\ L r TLP 

<C\\Vv\\ L r TlLao ( W^fh? LP + E 2 * (t " ?) H A ^IL-^) 

\k-j\<4,2 k >Ro \k-j\<4,2g<2 k <Ro 

<cc0')(2-^ + ^m-))h„ii ri . t+1 , ?+1 ||/n z? sr- 

Summing up the above estimates, we conclude the inequality (|7.10p . On the other 
hand, we have from (|7.6p . 

^Riv^dML^ <Ccm- jS \\n~ L ^B . IHI ynJHj+L 

With a slightly modification of (j7.12|) . we get 

IIA^T^)!!^ + WTa^fAiv? < ^(i) 2_i 1l/II^B ll lbll rn ,f + ^ +1 > 
and thanks to the representation of [T v i, Aj]dif, we have 

|fc-j|<4 

^C-C^-^l^ll n +lif+1 ||/|| z , 2 ^ 

Then the inequality (|7,lip follows from the above three estimates. □ 

Proposition 7.5. Let 2 < p < 4, s, cr > 0, and s > a — § + ^, r > 1. Assume that 
F E W^ 2 ' 00 n wt 1+2 '°° with F(0) = 0. Then there holds 

IW)llz5.*; ^ ^ + H^ll^f ) max([s],w)+1 ll/llz^ ;r (7-i3) 

For any s > and p > 1, there holds 

IWJIIz^ < c(i + ll/ll^ioc)!^ 1 !!/!!^^. (7.14) 

Proof. The inequality (|7.14|> is classical, see [12]. We only present the proof of (|7.13j) . 
Decompose F(f) as 

F (f) = E F ( S k'+if) - F (Sk'f) = E A *'f f F '( S *'f + rA k'f)dr 
k'ez fc'ez ^° 

= E A fc'/ m fc'' 

fc'ez 

where m^/ = Jq F'(Sk'f + rAj.//)dr. We denote 

J, = {fc;2 fe <i? }, A = {A;; 2 fc > fi }. 

Then we have 

•Tie = <T« u j£ m u J^, = Jhe u J^m u J^. 
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where 



Ju = 


{{k,k');k G J e ,k' < k}, 




"im ~ 


-- {(k,k');ke J e ,k' > k,2 k ' 


<Ro], 


Jih = 


{(k,k');ke J e ,k' > k,2 k ' 


>Ro}, 


Jht = 


{(k,k');ke J h ,k' < k,2 k ' 


<Ro}, 


Jhm ~ 


-- {(k,k');ke J h ,k' < k,2 k 


' >Ro}, 


Jhh = 


■■ {{k,k');ke J h ,k' > k}. 





By Lemma 12.14 we have 

\\A k (A k ,fm k ,)\\ L 2 <C2~ k \ a \ sup \\D"> A k {A k ,f m k ,)\\ L *, 

\l\=\a\ 

for any a E N n and for [7] > 0, 

\\D^m k ,\\ L ° a <C2 k '^(l + \\f\\ L ~p, 

which imply 

\\A k (A k ,fm k/ )\\ L 2 < C72( fc '- fc )H||A fc ,/|| L2 (l + ||/|| L -) H . (7.15) 
We apply (f7TT5|) with \a\ = [s] + 1 to get 

]T 2 ks \\A k (A k ,fm k ,)\\ L r TL2 

(k,k')eJ ee 

<C Y, 2 fc ' s ||A fe ,/|| L2 ^2( fc - fc '^-H- 1 )(l + ||/|| i ^)H 

2 k '<R k > k ' 

<C(l + ||/||^)W +1 ||/|| ZrBS , CT . (7.16) 
And we apply (|7,15p with \a\ = to get 

£ 2 ks \\A k {A k ,fm kl )\\ L r TL i <C ^ 2 k ' s \\A k ,f\\ L r TL2 £ 2^ k '> 

(k,k')eJ em 2 k '<R k < k ' 

<C\\f\\ lrBr . (7.17) 

Setting rriQ = F'(0), we write 

A fc (A fe / fm k t) = A k {A k > fm ) + A k (A k , f(m k , - m )). 
It is easy to find that 



2 ks \\A k (A k ,fm )\\ L r TL2 <C\\f\\~ L 

(k,k')£j eh 



T°2,p 



and using the formula 

m k i - m 



/ m' k ,(T(S k i-if + A k >f))dT(S k >-if + A k >f) 
Jo 



= (S k >-if + A k ,f)m k > 
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we obtain 



Y 2 ks \\A k {A k , f{m k , - m ))\\ L r TL2 
(k,k')eJ eh 

<C Yl 2 fcs (||A fc (A^/m,, < S fc ^ 1 /)|| L , i2 +2 fc( V-f)||(A^/) 2 ||^ if ) 

(k,k')&Jth 

def 



h+h- 
Now we have 

h<C V 2 ks \\A k ,f\\ L r LP V ||A fc »/|| Jj, 

(k,k')&J eh k"<k'-2,2 k " <R T 

+ C Y, 2 fcs 2 fc (f"t) Y, ||A fc ,/A fc »/|| L ^ f . 

(k,k')£j eh k"<k'-2,2 k ">R 

The first term of the right hand side is bounded by 

Y 2^||A fc ,/|| i , iP 2- fcV Y ^ E 2 fe "?||A fc »/|| L??i2 

2 k '>Ro 2 k <Ro 2 k "<R 



S 011/11^,1/1,^, 



and the second term is bounded by 

Y2 k ( s+ T-^\\A k ,f\\ L r TLP 2- k '° Y 2^11^/11^2- 

Jih 2 k ">R 



T "^2,p 

Similarly, we have 



Thus we obtain 



I2 < C \\f \\~ 11 / ,1 ; : ■ 



Y 2 ks \\A k (A k ,fm k ,)\\ L r L2 <C(1 + 11/11 f4 )\\f\\ z B s«. (7.18) 
(k,k')eJ lh ^ LtB ^ 

Using the argument as leading to (|7.16p and s > a — | + ^ , we have 

Y 2 k °\\A k (A k ,fm k ,)\\ L r TLP 
(k,k')eJ he 

<C(1 + Y 2 fe 'lA fe ,/|| L , L2 ^2( fc - fe ')(-H- 1 )2 fe '(t-?-^) 

<C(1 + ||/|| L§? ^)W +1 ||/|| Z ^, (7.19) 
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and 



V ~ 2 k °\\A k (A k ,fm k ,)\\ L r LP 



m 

< C(l + H/IU-z.-)^^ 1 Yl 2 feV ||A^/|| L ^^2( fc - fc ')(-M-i) 

2 k '>R k>k' 

<C7(l + ||/|| i?? L-) W+1 ||/|lz^ r . (7.20) 
Finally due to a > 0, we have 

£ 2 k °\\A k (A k ,fm k ,)\\ L r TLP <C Y 2 fc ' CT ||A fc ,/|| i . LP ^2( fc - fe > 

(k,k')eJ hh 2«>Ro k>>k 

<C\\f\\ lrBS „. (7.21) 

n n 

Summing up (17^6]) - ([73T]) and noting B^ p p w we obtain ([713]) . □ 
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